Two subfactors constructed from two factor maps are considered. A characterization is given for the angles between two subfactors to become trivial. §1. Introduction
§1. Introduction
Motivated by the Jones Index theory ( [4] ), in [6] Watatani and the author introduced the notion of angles between two subfactors. On the other hand, subfactors constructed via the ergodic theory were studied in [2] , [3] . In this paper we consider two (finite to one) factor maps of a (single) ergodic transformation and investigate relative positions between the resulting subfactors. We at first find a condition guaranteeing that the intersection of two subfactors becomes a subfactor of finite index. We then determine when the set of the angles is trivial (i.e., this set reduces to the singleton {-}. This is equivalent to the "commuting square" condition, see [6] .) Our characterization is given in terms of two kinds of fibres obtained from factor maps.
After collecting basic definition in §2, we state and prove our main results in §3. Some examples (based on sofic systems) are explained in §4. The existence of a finite invariant measure is not necessary in what follows. But for simplicity in the rest we assume the existence of such a measure. It is also possible to deal with a countable ergodic equivalence relation ([!]) instead of an ergodic transformation. However such generalizations are straightforward and we will deal with just the above mentioned case. §3. Main Theorem Let (Yj, 3F ^ jUj, S^ (i"=l, 2) be a factor of an ergodic dynamical system (X, 3F ', ii Xy T) with the factor map n t . We assume that n i is a finite ( = m^) to one map and jii x is an invariant measure for T. We further assume the existence of a natural number m satisfying
(The meaning of this condition in subfactor set-up will be clarified later.)
Proposition 3. The partition £, = {(n^
I TC I TC^" i n 2 ) m (x)-1 x e X]
is measurable under the above assumption (1).
A partition £ 0 is said to be measurable when there exist countable measurable sets {A n } neN (called a basis for £ 0 ) such that <^0 = {P)^L 1 B n \ B n = A n) A n c }. The proposition guarantees that the quotient space of X by £ is Lebesgue (see [5] for instance).
Proof. Let {D n } n be a basis for the Lebesgue space Y t . Set We call this constant the crossing number (denoted by c(n l , 7C 2 ) for 7T! and 7C 2 ). The discussion so far allows us to give another factor system (X/£, 3F " 3 , ^3 ) /S 3 ) with the finite ( = m 3 ) to one factor map 7i 3 over the Lebesgue space Let M be the Krieger factor corresponding to (X, J% jt£ x , T). As in [3] , the above three factor maps give rise to the three subfactors in M. For the readers convenience we briefly recall the construction described in [1] , [2] , and [3] :
Let 01 T be the (countable) ergodic equivalence relation (on X) generated by T: x~y if y=T"x for some neZ. 
as (L f £)(u, v)= T, w^v f(u, w)%(w, v).
Let N 1} AT 2 , and N 3 be the von Neumann subalgebras on J»f defined by
Ni = {L f eM-, f(u, v)=f(u, v) for n^^n^u), n i (v) = n i (v')}.
(Note that [M: ATJ^m,-(i = l, 2) ( [3] ).) From the construction, we have = N 3 . Actually N t is a factor since it is isomorphic to W*($ s ) (see [3] for details). Remark that our previous assumption (1) 
) = (l).
We are ready to state our main theorem. (2) The pair of n^ and n 2 is not exclusive.
Proof. As was pointed out above, we may and do assume c(n I ,n 2 ) = l. We will construct two factor maps from two labeled graphs We have constructed two labeled graphs with (A, jU t ) and (A, ^i 2 More generally, Ang(N ly N 2 ) might be calculated by looking at how two kinds of fibres meet. This seems to deserve further investigation.
